The problem of steady, laminar, natural convective flow of electricallyconducting liquid metals such as gallium and germanium in an inclined rectangular enclosure in the presence of a uniform magnetic field is considered. Transverse gradient of heat is applied on two opposing walls of the inclined enclosure while the other two walls are adiabatic. A magnetic field is applied normal to the non-insulated walls. The problem is formulated in terms of the vorticity -stream function procedure. A numerical solution based on the finite-difference method is obtained. Representative results illustrating the effects of the enclosure inclination angle and the Hartmann number for two different Rayleigh numbers on the contour maps of the streamlines and temperature as well as the profiles of velocity components and temperature at midsection of the enclosure are reported. In addition, results for the average Nusselt number are presented and discussed for various parametric conditions.
The problem of steady, laminar, natural convective flow of electricallyconducting liquid metals such as gallium and germanium in an inclined rectangular enclosure in the presence of a uniform magnetic field is considered. Transverse gradient of heat is applied on two opposing walls of the inclined enclosure while the other two walls are adiabatic. A magnetic field is applied normal to the non-insulated walls. The problem is formulated in terms of the vorticity -stream function procedure. A numerical solution based on the finite-difference method is obtained. Representative results illustrating the effects of the enclosure inclination angle and the Hartmann number for two different Rayleigh numbers on the contour maps of the streamlines and temperature as well as the profiles of velocity components and temperature at midsection of the enclosure are reported. In addition, results for the average Nusselt number are presented and discussed for various parametric conditions. * * * 
Introduction
In recent years, various studies dealing with natural convection in inclined enclosures have been reported. These studies show that tilting the enclosure have significant effect on the flow and heat transfer characteristics. For instance, in crystal growth processes from melts, it has been reported by Markham and Rosenberger [1] that larger transport rated are obtained by tilting the ampoule. Motivated by this, Bontoux et al. [2] have carried out a numerical and experimental investigation on three-dimensional buoyancy-driven flows in a tilted cylinder (ampoule) with axial heating. Many other examples on the effect of inclination on natural convection flows have been reported by Delgado-Buscalioni and Crespo del Arco [3] . For example, it has been proven that significant heat transfer enhancement can be obtained when the tube in a heat exchanger is optimally inclined (see Lock and Fu [4] ). Other applications of inclined configurations are the honeycomb solar collector plates [5, 6] , spread of radioactive materials in long tilted liquid-filled rock fractures [7] and geophysical situations where a fluid is enclosed in narrow slots arbitrarily inclined to gravity [7, 8] . Also, Cerisier and Rahal [9] have employed inclined geometries in their experimental investigation on natural convection in enclosures with axial and lateral heating to study the interaction between longitudinal and transversal instabilities.
Natural convection in enclosures in the presence of magnetic fields has also received considerable attention in recent years due to possible applications in many industrial and technological fields such as fusion reactors [10] and crystal growth [11] . For example, Oreper and Szekely [11] have found that the strength of the magnetic field is one of the important factors in determining the quality of the crystal. This is related to the fact that during a crystal growth process, some turbulence in the natural convection currents occurs. This can be suppressed by the application of a magnetic field. Ozoe and Maruo [12] have investigated magnetic and gravitational natural convection of melted silicon-two dimensional numerical computations for the rate of heat transfer. Garandet et al. [13] and Alchaar et al. [14] have studied natural convection heat transfer in a rectangular enclosure with a transverse magnetic field. Buhler [15] has considered magnetohydrodynamic (MHD) flows in arbitrary geometries in strong magnetic fields related to the design of fusion reactor blankets. Viskanta et al. [16] have studied three-dimensional natural convection heat transfer of a liquid metal in a cavity. Tagawa and Ozoe [17, 18] have reported on the enhancement of heat transfer rate by the application of a static magnetic field in a cubical enclosure. Recently, Di Piazzo and Ciofalo [10, 19] have analyzed MHD free convection in a liquid-metal filled cubic enclosure for the conditions of differential heating [10] and internal heating [19] . The effect of a magnetic field on free convection in a rectangular enclosure has also been studied by Rudraiah et al. [20] and Al-Najem et al. [21] .
The objective of this work is to consider laminar, two-dimensional natural convection flow due to a transverse temperature gradient inside an inclined rectangular enclosure filled with electricallyconducting liquid metals such as gallium and germanium in the presence of a uniform magnetic field. This work has direct applications in the field of crystal growth and semiconductor production.
Mathematical Model
Consider laminar, two-dimensional, hydromagnetic, natural convective flow of a liquid metal such as gallium and germanium inside an inclined rectangular enclosure in the presence of a uniform magnetic field. The temperatures T h and T c are uniformly imposed on two opposing walls such that T h > T c while the other two walls are assumed to be adiabatic. Fig. 1 shows the schematic of the problem under consideration. The fluid is assumed to be incompressible, Newtonian, viscous and electrically-conducting. The magnetic Reynolds number is assumed to be small so that the induced magnetic field is neglected. The small magnetic Reynolds number assumption is widely used and it uncouples Maxwell's equations from the Navier -Stokes equations (see Cramer and Pai [22] ). The electric potential in all directions is assumed to be uniform and the Hall effect of magnetohydrodynamics is neglected. In addition, the effects due to viscous dissipation and Joule heating are assumed to be negligible.
Although this work considers a two-dimensional MHD problem which is somewhat difficult to achieve in a real physical system, a three-dimensional simulation represents the convection phenomenon more realistically. This does not necessarily mean that two-dimensional MHD simulations are of little value but on the contrary, they are less costly from a computational point of view and can provide qualitatively good insight into the convection phenomenon. In general, the interaction of the imposed magnetic field in the x-direction with the y-component of the fluid's velocity will give rise to induced electric currents in the z-direction. In a real three-dimensional problem these currents will close themselves somewhere and will generate a distribution of electric potential. Postulating two-dimensionality as written below and done by previous authors [13, 14, 20, 21] is equivalent to assuming that the electric potential is uniform in the (x, y) plane and throughout the z-direction.
The governing equations for this problem are based on the balance laws of mass, linear momentum, and energy. Taking into account the assumptions mentioned above, and applying the Boussinesq approximation for the body force terms in the momentum equations, the governing equations can be written in dimensional form as
where x, y and t are the distances along and normal to the insulated walls and time, respectively; u, v, p, and T are the velocity components in the x and y-directions, pressure and temperature, respectively. The parameters α t , ν, β T , and ρ are the fluid thermal diffusivity, kinematic viscosity, thermal expansion coefficient and density, respectively; σ is the electrical conductivity; B 0 is the magnetic induction; T h and T c are the hot and cold wall temperature; α is the enclosure inclination or tilting angle and g is the gravitational acceleration.
The boundary conditions for the problem can be written as
where W and H are the width and height of the enclosure, respectively.
The dimensional stream function and vorticity can be defined in the usual way as
It is convenient to make Eq. (1) through Eq. (6) dimensionless by using the following dimensionless parameters:
where the dimensionless parameters appearing in the above equations are given in the Nomenclature list.
By employing Eq. (7) and combining Eqs (2) and (3) by eliminating the pressure gradient terms, the resulting dimensionless equations can be written as
The boundary conditions in dimensionless form become
The average Nusselt number at the heated wall of the enclosure are given by
where A = H/W is the enclosure aspect ratio.
Numerical Algorithm
The numerical algorithm used to solve Eq. (8) through Eq. (10) is based on the finite-difference methodology. Central difference quotients were used to approximate the second derivatives in both the X and Y -directions while the time derivative is approximated by a two-point backward difference formula. The governing equations are then transformed into tri-diagonal algebraic equations that were solved in the X and Y -directions for the temperature, vorticity and the stream function at different time steps. This method was found to be stable.
As an example, the finite-difference formulation for Eq. (10) takes on the form
which can be rearranged as
where
All other equations and the boundary conditions are discretized in the same way. The subscripts i and j denote the X and Y locations whereas superscripts n and n + 1 denote the time step, respectively. In the present study, the numerical computations were carried out for 61×81 grid nodal points with a time step of 10 −5 and step sizes ∆X = 1/60 and ∆Y = 1/80 in the X and Y -directions, respectively. The time marching procedure is used herein as one of the possible numerical schemes to achieve a converged stationary solution. At each specific time, the convergence criterion required that the difference between the current and previous iterations for all of the dependent variables be 10 −4 . In all the results obtained, the enclosure aspect ratio A was taken to be equal to 2.
Results and Discussion
In this section, numerical results for the streamline and temperature contours as well as selected velocity and temperature profiles at mid-section of the enclosure for various values of the Hartmann number Ha, inclination angle α and Rayleigh number Ra will be reported. In addition, representative results for the average Nusselt number Nu at various conditions will be presented and discussed. These results correspond to convective flow of liquid gallium (Pr = 0.025) or germanium (Pr = 0.007) confined in a rectangular cavity or enclosure of aspect ratio of 2 subject to a transverse temperature gradient across the non-adiabatic walls of the enclosure. Both gallium and germanium are used in the semiconductor industry in addition to other uses. Each has several unique properties. For example, gallium melts at a relatively low temperature, and liquid gallium can remain in the liquid state below its melting temperature for considerable periods of time. It also has a very large temperature range (from 29.78
• C to 2403.0 • C) over which it can remain liquid. This characteristic makes it useful for high temperature thermometers, pressure gauges, and as a high-temperature lubricant. Gallium is magnetic and is an excellent conductor of heat and electricity. Unlike most materials, gallium expands upon freezing, so that it cannot be stored in metal, ceramic or other rigid containers. Tables 1 and 2 give the thermophysical properties of gallium and germanium, respectively. As mentioned before, the origin of this problem lies in the area of crystal growth where it is known that the motion of the fluid in semiconductor geometries is of vital importance in determining the quality of the crystal. In recent years, strong magnetic fields have been used in crystal growth of semiconductor materials in order to reduce macroscopic inhomogeneity in the crystal by suppression of buoyancy-driven convection (see [23, Chapter 4] ). It is well known by now that the homogeneity of crystals can be drastically influenced by imposed magnetic fields. • . In the absence of a magnetic field (Ha = 0) the streamline contours exhibit a unique feature where three recirculating cells with non-uniform temperature contours are predicted within the enclosure. A primary cell exists in the core of the enclosure while two secondary cells occur one close to each of the insulated walls of the enclosure. On the other hand, for a relatively lower strength magnetic field (Ha = 30), this feature does not exist and a single recirculation cell is predicted within the enclosure with the temperature contours being crowded close to the walls of the enclosure and being some what uniform in the core region. However, as the strength of the magnetic field increases, the streamline contours become non-uniform, more stretched and distorted and the flow moves slower. This is evident from the decreases in the absolute value of the stream function as Ha increases. The distortion effect which occurs in the clock-wise direction continues as Ha becomes equal to 70 causing the formation of two recirculation cells, one close to each of the two insulated walls. As the strength of the magnetic field is increased further until Ha reaches 100, the streamlines get stretched more and the two recirculation cells move closer and closer to the insulated walls. Also, the temperature contours tend to become more parallel to the longer walls of the enclosure indicating the approach to a quasiconduction regime. In addition, the non-uniform behavior of the temperature contours for Ha = 70 due to the formation of the two recirculating cells is obvious from Fig. 2 . It can be concluded that the main contributions of the presence of the magnetic field are predicted to be a flow retardation effect, formation of two-cellular vortices and a suppression of the overall heat transfer in the enclosure. the net magnitude of the velocity field decreases as the strength of the magnetic field increases. • , the two vortices become more distinctive. However, when the enclosure inclination angle becomes 60
• a third small vortex starts to form within the core of the enclosure. A more systematic and interesting behavior is that corresponding to α = 90
• . For this case four separated recirculating cells are predicted. For α = 0
• the isotherms are crowded away from the core region of the enclosure and are some what parallel to the non-insulated walls. For α = 30
• they become more parallel in the core region. However, for α > 30
• the isotherms show significant non-uniform behavior in the boundary-layer regions close to the walls as well as in the enclosure core region. This type of behavior is associated with the existence of multiple interacting vortices as discussed before. In general, it is predicted that inclination of the enclosure has the effect of exhibiting a multi-cellular structure. The number of recirculating cells is a function of the enclosure inclination angle for the same parametric values of Ha, Pr and Ra. • (non-inclined vertical enclosure), due to the effect of buoyancy, an upward fluid flow along the hot wall is induced while a backward flow takes place along the cold wall. As the enclosure is tilted, it becomes harder for the fluid to move along the walls resulting in less induced flow. This is depicted in the reductions in both the X and Y -components of velocity as α increases. However, for α = 90
• , the fluid speed seems to increase significantly. This is associated with the fact that the contribution of the X-component of temperature gradient (buoyancy effect) does not affect the flow since it is multiplied by cos α which vanishes for α = 90
• . It should be mentioned that in Fig. 7 , the line corresponding to α = 90
• is not shown because it falls significantly outside the scale of the figure. As for the temperature profiles, they show a trend for which they initially increase close to the hot wall as α is increased from 0 • to 45 • and then they decrease for α = 60
• and then they finally increase again for α = 90
• . This behavior is probably associated with the formation of multiple circulation cells for an inclined enclosure as was shown in Fig. 6 . Fig. 10 illustrates the influence of the enclosure inclination angle α on the contours of the streamlines and temperature for liquid gallium (Pr = 0.025) with Ha = 70 and Ra = 10 6 . By comparison with Fig. 6 , it can be seen that a clearly different behavior is predicted. Unlike the case for Ra = 10 5 , a single dominating recirculting cell exists for all enclosure inclination angles up to α = 60
• . However, for α = 90
• , a tri-cellular structure is predicted. Between α = 0 • and α = 60
• , the effect of enclosure inclination is limited to stretching and increasing the domain of influence of the single cell within the enclosure. These behaviors in the streamline contours are clearly shown in Fig. 10 and they affect the contour maps of temperature accordingly. In general, the isotherms exhibit different features than those discussed previously in Fig. 6 . In this case, the convection effect dominates and the isotherms are nearly uniform in the core region for all angles up to α = 60
• and the non-uniform behavior discussed previously is limited to the case corresponding to α = 90
• where three distinctive vortices exist. , it can be easily seen that, as expected, the induced flow velocities for this case are much higher. In general, both the X and Y -components of velocity decrease in the immediate vicinity of the hot wall as α increases. However, for α = 90
• , the fluid speed seems to increase significantly above that for α = 60
• . Again, this is related to elimination of the contribution of the X-component of the buoyancy force for α = 90
• . Again, in Fig. 11 , the line corresponding to α = 90
• is not shown because it falls significantly outside the scale of the figure. As for the temperature profiles in Fig. 13 , they show a trend for which they initially decrease close to the hot wall as α is increased from 0 to 45
• and then they increase for α = 60
• and then they finally decrease again for α = 90
• . This behavior is exactly the opposite as that seen in Fig. 9 and this is related to the different isotherms behavior predicted in both Figs 6 and 10 in which conduction is dominant in the former while convection is dominant in the latter.
In Fig. 14 , the streamline and temperature contours are shown for germanium liquid metal (Pr = 0.007) at various enclosure inclination angles with Ha = 70 and Ra = 10 5 . It is interesting to observe in this case the development of the streamlines from a single recirculating cell for α = 0
• and α = 30
• to bi-cellular structure for α = 45
• and α = 60
• and then a tri-cellular structure for α = 90
• with increased stretching and distortion effects as α is increased. The isotherms show a similar trend as those presented in Fig. 6 for gallium (Pr = 0.0025). They are crowded away from the core region of the enclosure and are some what parallel to the non-adiabatic walls and they become more parallel to these walls in the core region as α increases up to α = 60
• the isotherms show a significant non-uniform behavior in the boundary-layer regions close to the walls as well as in the enclosure core region. Again, this is associated with the existence of a tri-cellular streamlines structure as mentioned before.
Figs 15 through 17 present the effects of α on the profiles of U , V , and θ at the enclosure mid-section for germanium (Pr = 0.007) at Ha = 70 and Ra = 10 5 , respectively. Unlike the case of gallium (Pr = 0.025), the profiles of U increase with increasing values of α up to α = 60
• and then decreases for α = 90
• . However, the profiles of V behave in the same way as those of gallium where they decrease with increasing values of α up to α = 60
• and then they increase α = 90
• for the reasons mentioned before. The temperature profiles show that the temperature near the hot wall increases with increases in the values of α up to α = 60
• .
The effects of the Hartmann number Ha on the average Nusselt number Nu at the hot wall of the enclosure and the absolute maximum and minimum stream function values (extrema) |ψ max | and |ψ min | for liquid gallium (Pr = 0.025) at Ra = 10 5 and α = 45
• are presented in Table 3 . In the absence of magnetic field, the values of Nu, |ψ max | and |ψ min | are large. Application of the magnetic field has the tendency to decrease the negative temperature gradient at the hot wall resulting in significant reductions in Nu. As the strength of the magnetic field increases further, the values of Nu decrease further. In addition, while the values of the maximum stream function remain unchanged (for Ha > 0), the absolute minimum values tend to decrease with increasing values of the Hartmann number. These behaviors are clearly obvious in Table 3 . Table 4 • where a slight decrease in the value of Nu indicating a minimum is predicted. This is probably related to the beginning of the non-uniform behavior in the isotherms are reported in Fig. 6 . In addition, tilting the enclosure up to α = 45
• causes |ψ min | to increase reaching a maximum while |ψ max | remains unchanged. However, as α is increased beyond 45
• , the values of |ψ max | increase significantly while the values of |ψ min | decrease beyond α = 60
• . This behavior is related to the formation of multi-cellular streamline structure for high values of α as discussed before. Table 5 presents the same properties as in Table 4 except for Ra = 10
6 . In comparison with Table 4 , it is seen that the values of Nu, |ψ max | and ψ min | increase as Ra increases. This is expected since the convection heat transfer due to thermal buoyancy effects in the enclosure increases as the Rayleigh number increases. In addition, it is observed that a non-uniform behavior in the values of Nu takes place in which they increase as α increases up to α = 30
• and then they decrease for α = 45
• and finally increase significantly for α = 90
• where a tricellular streamline structure and an irregular isotherm trend occur. Furthermore, the value of |ψ max remains unchanged at the value of zero as the enclosure is tilted from the vertical position (α = 0
• ) to α = 60
• and it increases significantly for α > 60
• . However, the value of |ψ min | increases with increasing values of α up to α = 45
• and decreases for α = 60
• and then it increases again for α = 90
Finally, Table 6 shows the effects of α on the values of Nu for germanium (Pr = 0.007) at Ha = 70 and Ra = 10 5 . By comparison with the case of gallium (Pr = 0.025) in Table 4 , it is seen Table 5 Effects of enclosure inclination angle on the average Nusselt and the absolute maximum and minimum stream function values for Ha = 70, Pr = 0.025, and Ra = 10 that the values of Nu and |ψ min | decrease while the values of |ψ max | increase as Pr decreases for all values of α. In addition, the same non-monotonic variation in the values of Nu as those discussed in Table 5 is predicted. Also, the values of |ψ max | are predicted to remain unchanged at the value of zero for angles between α = 0
• and α = 60 • and they increase for the case where α = 90
• while the values of |ψ min | reach a slight maximum for α = 30
• and then decrease for higher enclosure inclination angles.
Conclusions
Natural convective flow of electrically-conducting gallium or germanium liquid metals in an inclined rectangular enclosure in the presence of a uniform magnetic field due to a transverse temperature gradient was studied numerically. The governing equations for this investigation were put in the dimensionless vorticity -stream function formulation and were solved by the finite-difference method. Graphical results for the streamline and temperature contours and representative velocity and temperature profiles at the enclosure mid-section for various parametric conditions were presented and discussed. It was found that in the absence of a magnetic field a three-cellular structure exits. However, this behavior does not exist for relatively weak magnetic fields where a singlecell structure dominates. On the other hand, for a relatively strong magnetic field, mutiple-cellular streamline structure is predicted for enclosure inclination angles between 45
• and 90
• . Also, it was predicted that the heat transfer and the flow characteristics inside the enclosure depended strongly on the strength of the magnetic field, the enclosure inclination or tilting angle and the Rayleigh number. The presence of the magnetic field was found to reduce the average Nusselt number significantly. In addition, it was predicted that the values of the average Nusselt number varied non-monotonically with increasing enclosure inclination angles. The exact inclination angle for which the average Nusselt number increases or decreases depended on the values of the fluid Prandtl and Rayleigh numbers for the fixed value of Hartmann number considered. It is hoped that the results obtained in the present work be compared at a later stage with those from a fully three-dimensional simulation in order to ascertain the actual influence of the neglected terms and the two-dimensionality assumption.
